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Abstract—Compared with the non-prediction algorithm, the prediction-
based symbol flipping decoding algorithm of non-binary, low-density,
parity-check codes over GF(q) can significantly improve the error perfor-
mance. To escape from undesirable local maximum, this paper proposes
a self-adjustment strategy to redesign the flipping metric. Combined with
the prediction mechanism, our proposed algorithm provides a good trade-
off between the complexity and the error correction performance. Simula-
tion results for the additive white Gaussian noise channel and the binary
symmetric channel verify the effectiveness of the proposed algorithm.

Index Terms—NB-LDPC codes, self-adjustment strategy, iterative
decoding, symbol flipping decoder.

I. INTRODUCTION

Non-Binary low-density parity-check (NB-LDPC) codes have at-
tracted researchers’ attention due to their superior performance com-
pared with their binary counterparts, especially for high rate and short
length codes [1], [2]. However, this performance improvement is at
the cost of a higher computation complexity of the message-passing
decoding algorithm.

The q-ary sum-product algorithm (QSPA) [1], among differ-
ent message-passing decoding algorithms, provides the best error
performance. However, this algorithm is not effective in practical
applications, since it has the highest complexity which needs O(q2)
operations to update each check node (CN). Hence, two main branches
of the QSPA algorithm are studied to reduce the complexity: 1) the
fast Fourier transform SPAs (FFT-QSPA [3] and LOG-FFT-QSPA [4]),
which need O(qlog2q) operations to update each CN. 2) The extended
Min-Sum (EMS) algorithm [5] and the Min-Max algorithm [6], which
use nm (nm < q) most reliable messages for each symbol and reduce
the complexity to O(nmlog2nm). In addition, the trellis-based EMS
(T-EMS) algorithm [7] is also presented to reduce the complexity. How-
ever, these message-passing decoding algorithms still have high com-
plex CN updating processing.

Different from the message-passing decoding algorithms, the
majority-logic decoding based algorithm (MLGD) [8] and symbol flip-
ping decoding (SFD) algorithms [9], [10] present much lower decod-
ing complexity. The MLGD algorithm only considers the most reliable
field element for each symbol at the decoding processing. From the
view of hardware implementation, the SFD algorithm has a much lower
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complexity, since it uses the hard reliability at the decoding process-
ing. Most SFD algorithms flip the symbols according to the flipping
metric. In the SFD algorithm, the oscillation phenomenon will cause
the decoder trapping into the local maximum which leads to a decod-
ing failure. Recently, a prediction mechanism with hard reliability has
been considered in the SFD algorithm and can be abbreviated as the
SFDP algorithm [10]. The SFDP algorithm considers the information
before and after symbol flipping. It does not flip one symbol in two
successive iterations to avoid the decoder being trapped into the oscil-
lation. However, this strategy cannot completely avoid the oscillation
and even cannot vanish the cycle oscillation, in which several variable
nodes (VNs) are changed circularly in subsequent iterations.

To resolve the above problem, we consider redesigning the flipping
metric of the SFDP algorithm by using a self-adjustment strategy. We
record the number of times (NoTs) a symbol is flipped for each symbol
with different symbol values. The NoTs can help the design of the
flipping metric to escape the local maximum. The effectiveness of the
proposed strategy will be evaluated on the AWGN channel and the BSC,
followed by the complexity analysis.

II. BACKGROUND

A. Notation

The NB-LDPC code C is defined by the null space of an m× n
row-column (RC)-constrained parity check matrix H , with elements
hi,j ∈ GF(q), where i = 0, 1, . . . ,m− 1 and j = 0, 1, . . . , n− 1.
In this work, we consider q = 2d. The index set of VNs con-
nected to the i-th CN is defined as Ni = {j : 0 ≤ j < n, hi,j �= 0},
and the index set of CNs connected to the j-th VN is defined as
Mj = {i : 0 ≤ i < m, hi,j �= 0}. c = (c0, c1, . . . , cn−1), where
cj ∈ GF (q), is a codeword and it satisfies c ·HT = 0. The j-th
coded symbol’s binary tuple is defined as cj = (cj,0, cj,1, . . . , cj,d−1).
After the binary phase-shift keying (BPSK) modulation, each cj,t is
mapped as 1 → +1 and 0 → −1, for 0 ≤ t < d.

We denote x = (x0, x1, . . . , xn−1) as the modulated symbol se-
quence. After the transmission over the AWGN channel or the BSC,
the received symbol sequence is defined as y = (y0, y1, . . . , yn−1). We
denote z = (z0, z1, . . . , zn−1) as the hard-decision vector of each de-
coding iteration. The syndrome s = (s0, s1, . . . , sm−1) corresponding
to z is calculated by s = z ·HT . Note that if and only if s = 0, z is
a valid codeword.

B. The SFDP Algorithm

For binary LDPC codes, the gradient descent bit-flipping algorithm
[11] follows the maximum likelihood (ML) decoding rule to obtain the
gradient descent optimization of an objective function. The objective
function of the SFDP algorithm can be defined as [10]

F (k) =
n−1∑

j=0

z
(k)
j � yj +

m−1∑

i=0

ω(s
(k)
i ), (1)

where the operator � is defined as

z
(k)
j � yj =

d−1∑

t=0

(2zkj,t − 1)yj,t. (2)
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And ω(s
(k)
i ) is the check-based message which measures the hard re-

liability in the SFDP algorithm. However, it is difficult to obtain the
derivative of the objective function for non-binary LDPC codes. The
difference between one symbol and its change in value can be indicated
as the reliability of this symbol. Hence, this difference can be seen as
the flipping metric.

To make full use of the check information, the SFDP algorithm
[10] introduces hard reliability to the flipping metric. Furthermore,
θ = [θ0, θ1, . . . , θd] and η = [η0, η1, . . . , ηγ ] are the extrinsic weight-
ing coefficients vectors corresponding to the binary Hamming distance
and plurality logic, which can measure the hard reliability. The SFDP
algorithm uses the binary Hamming distance to measure the hard reli-
ability, which can be referred to as the D-SFDP algorithm. Hence, its
flipping metric is expressed as

E
(k)
j (z

∗(k)
j , z

(k)
j )D-SFDP = z

∗(k)
j � yj +

∑

i∈Mj

θ→
d
(z

∗(k)
j

,σ
(k)
i,j

)

− z
(k)
j � yj −

∑

i∈Mj

θ→
d
(z

(k)
j

,σ
(k)
i,j

)
, (3)

where z
∗(k)
j is the change of the j-th symbol and →

d
(z

(k)
j , σ

(k)
i,j ) de-

notes the binary Hamming distance between z
(k)
j and σ

(k)
i,j with their

binary representations in the k-th iteration. In addition, σ(k)
i,j denotes

the extrinsic information-sum (EXI) passed from the i-th CN to the j-th
VN

σ
(k)
i,j = h−1

i,j

∑

j
′ ∈N(i)\j

hi,j
′ z

(k)

j
′ , (4)

where j ∈ N(i) and 0 ≤ i < m.
Similarly, the SFDP algorithm combines the plurality logic to the

flipping metric, referred to as the P-SFDP algorithm. The flipping metric
of the P-SFDP algorithm is

E
(k)
j (z

∗(k)
j , z

(k)
j )P-SFDP = z

∗(k)
j � yj + η

n(z
∗(k)
j

)

− z
(k)
j � yj − η

n(z
(k)
j

)
. (5)

where n(z
(k)
j ) is the number of times z

(k)
j occurs among the EXIs

passed from all CNs connected to the j-th VN.

III. SYMBOL FLIPPING ALGORITHM WITH

SELF-ADJUSTMENT STRATEGY

A. The Self-Adjustment Strategy

By using the prediction mechanism, the SFDP algorithms provide a
significant improvement compared with other SFD algorithms. How-
ever, as a class of gradient descent (GD) algorithms, the SFDP algo-
rithms still suffer from the problem that the decoding may be trapped
into a local maximum. The straightforward way to jump out of the trap
is to adjust the step size of the GD algorithm. Unfortunately, since the
value of VNs is equal to one element of GF (q), the step size is limited.
As a result, we should find another way to jump out of the trap instead
of adjusting the step size.

When the algorithm is trapped into a local maximum, the VNs may
drop into an oscillation. In the extreme case, several VNs are changed
circularly in subsequent iterations, which can be regarded as the cy-
cle oscillation. To avoid the cycle oscillation, we consider reducing
the probability of the symbol being flipped over repeatedly. Hence, we
record NoTs of each flipped symbol with a symbol value and then re-
design the flipping metricE(k)

j (z
∗(k)
j , z

(k)
j ) by subtracting the weighted

Algorithm 1: The D-SA-SFDP and P-SA-SFDP Algo-
rithms.

1: Initialization: Set k = 0 and t
(0)
zj = 0 for j = 1, . . . , n and

zj = 1, . . . , q. Obtain the hard-decision vector z(0) by

z
(0)
j,t = 1 if yj,t > 0. Otherwise, z(0)

j,t = 0 for j = 1, . . . , n
and t = 1, . . . , d.

2: Compute the flipping metric of the D-SA-SFDP algorithm
by (6), or compute the flipping metric of the P-SA-SFDP
algorithm by (7).

3: Determine p(k) as Ep(k) = max
z
∗(k)
j

∈Γk
j

Ek
j (z

∗(k)
j , z

(k)
j )

and flip the p(k)-th symbol to v
(k)
p = argmax

z
∗(k)
j

∈Γk
j

Ek
j (z

∗(k)
j , z

(k)
j ), where v

(k)
p is the corresponding flipped

value. Then k = k + 1 and t
(k+1)
vp = t

(k)
vp + 1.

4: If zk ·HT = 0 or the maximum number of iterations is
reached, output and stop. Otherwise, return to step 2.

NoTs of z∗(k)j . We call it the self-adjustment strategy. Denote t(k)z∗
j

as the

NoTs of z∗(k)j . To jump out of the local maximum, the flipping metric
of the D-SFDP algorithm with the self-adjustment strategy (referred to
as the D-SA-SFDP algorithm) is given as

E
(k)
j (z

∗(k)
j , z

(k)
j )D-SA-SFDP = E

(k)
j (z

∗(k)
j , z

(k)
j )D-SFDP

− ωt · t(k)z∗
j
, (6)

The flipping metric for the P-SFDP algorithm with the self-adjustment
strategy (referred to as the P-SA-SFDP algorithm) is

E
(k)
j (z

∗(k)
j , z

(k)
j )P-SA-SFDP = E

(k)
j (z

∗(k)
j , z

(k)
j )P-SFDP

− ωt · t(k)z∗
j
, (7)

where ωt is a weighted value with different positive values for dif-
ferent codes. If there exists a cycle oscillation, there must be a VN
which has been chosen more than once. However, by adding the self-
adjustment strategy, the more times the VN is flipped, the more difficult
it is to be selected, and the cycle oscillation can be broken. Hence, the
proposed self-adjustment strategy can vanish the oscillation near a lo-
cal maximum. The details of the proposed strategy are summarized in
Algorithm 1.

B. Complexity Analysis

To facilitate the complexity analysis, we consider the regular NB-
LDPC code which has constant row weight ρ and column weight
γ. Compared with the SFDP (D-SFDP and P-SFDP) algorithms, the
SA-SFDP (D-SA-SFDP and P-SA-SFDP) algorithms introduce a self-
adjustment strategy to the flipping metric. Hence, the computational
complexity of the SA-SFDP algorithms can be divided into two steps:
1) the computations of the SFDP algorithms which are shown in [10].
2) the computation of the self-adjustment strategy. If and only if the p-th
symbol has been flipped to its corresponding flipped value vp before the

k-th iteration, t(k)vp is not equal to 0. In addition, we can ignore the oper-
ation of multiplying zero or adding zero. Thus, the second step is only
needed for the flipped symbols. The maximum number of flipped sym-
bols to their corresponding values can be min(k, nq). Hence, no more
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TABLE I
COMPUTATIONAL COMPLEXITY OF VARIOUS DECODERS IN EACH ITERATION

GA/GM: Galois Field Addition/Multiplication IC/IA/IM: Integer Comparison/Addition/Multiplication RC/RA/RM: Real Comparison/Addition/Multiplication, C1 = γ(2ρ−
1),C2 = (γρ+ 1 − γ), δ = 	log2n
, β = 	log2γ
.

than min(k, nq) real additions and real multiplications are required
for the computation of the self-adjustment strategy. In each iteration,
one integer addition is needed to compute t

(k+1)
vp = t

(k)
vp + 1. Com-

pared with the SFDP algorithms, the proposed SA-SFDP algorithms
only add a small number of real multiplications and real additions. The
increased computation is small compared with the overall complex-
ity. The computational complexity of different algorithms is shown
in Table I. The memory consumption of the proposed algorithms is
also analyzed. Similar to the SFDP algorithms, assume that each Ga-
lois field element requires d bits to store and each reliability metric
needs b bits. It requires nqb bits and b bits to store t

(k)
z∗
j

and ωt. The

proposed SA-SFDP algorithms need more memory consumption than
the SFDP algorithms, while the increased memory consumption can be
negligible compared with the overall memory consumption. The overall
memory consumption of various decoders is shown in Table I.

IV. SIMULATION RESULTS

The BER results of the proposed SA-SFDP algorithms are com-
pared with the SFDP algorithms [10] over the AWGN channel and the
BSC. The maximum number of iterations kmax for all the decoding
algorithms is set to 100. Since the parameters optimization depends on
many factors including the degree distribution and the Galois field or-
der, the parameters are obtained experimentally by computer search for
a particular NB-LDPC code. Through the Monte Carlo simulations, we
first optimize the θ and η for the D-SA-SFDP and P-SA-SFDP algo-
rithms with ωt = 0. Then, based on the optimized θ and η, we obtain
the optimal ωt by simulating the BER results of different ωt values. As
shown in [10], the coefficients θu = θ2 for 3 ≤ u ≤ d and ηγ = ηγ−1

for γ ≥ 3. The BER performance comparisons of three codes are shown
below.

A. Code 1

The first code is a (204, 102) NB-LDPC code [12] over GF(24), in
which the row weight is 6 and the column weight is 3. Fig. 1 shows the
BER performance of the D-SA-SFDP algorithm under different coeffi-
cients (θ1, θ2, θ3) with ωt = 0. Then, we choose the coefficients θ that
lead to the best BER performance from a series of parameters through
the Monte Carlo simulations. Similarly, we can optimize η for the P-
SA-SFDP algorithm in the same way. We omit the figure to show the
BER performance of the P-SA-SFDP algorithm with different coeffi-
cients (η1, η2.η3, η4), since it is difficult to visualize the optimization
process of four coefficients. The optimal θ and η of the D-SA-SFDP

Fig. 1. The BER performance for different θ on the (204, 102) NB-LDPC
code at Eb/N0 = 5 dB.

and P-SA-SFDP algorithms are [3, 1.4, 1.2] and [0, 2, 4,6], respectively.
Fig. 2 shows the BER performance of different ωt at Eb/N0 = 5 dB.
From Fig. 2, it can be seen that adding the weighted value (ωt > 0) has
an great effect on the performance of the D-SA-SFDP and P-SA-SFDP
algorithms. However, when ωt is greater than 0.4, the change of ωt

value has little effect on the performance. The ωt of the D-SA-SFDP
and the P-SA-SFDP algorithms are both optimized as 1.2. The BER re-
sults of various symbol flipping decoding algorithms with code 1 on the
AWGN channel are shown in Fig. 3. At BER = 10−6, the proposed SA-
SFDP algorithms present similar performance, which are about 0.7 dB
better than the SFDP algorithms.

Fig. 4 shows the BER results for different algorithms as a func-
tion of maximum number of iterations (MNI) at Eb/N0 = 4.5 dB. At
each MNI, 108 frames are simulated. It can be seen that all algorithms
perform similar when MNI < 60. As the MNI increases, the SFDP
algorithms occur a decoding error floor. While the BER of the pro-
posed SA-SFDP algorithms can reach 10−5 at MNI = 100. This result
shows that the proposed self-adjustment strategy can effectively solve
the oscillation problem.
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Fig. 2. The BER performance for different ωt on the (204, 102) NB-LDPC
code at Eb/N0 = 5 dB.

Fig. 3. BER performance for various decoding algorithms on the (204, 102)
NB-LDPC code.

B. Code 2

The second code is a (837, 726) NB-LDPC code [13] over GF(25), in
which the row weight is 27 and the column weight is 4. The optimal θ
andη of the D-SA-SFDP and P-SA-SFDP algorithms are [1.1, 0.3, 0.3]
and [0, 0.9, 1.7, 3], respectively. Note that the parameters optimization
process for the D-SA-SFDP and P-SA-SFDP algorithms on code 2 and
code 3 are the same as code 1. Theωt of the D-SA-SFDP and the P-SA-
SFDP algorithms are both optimized as 0.4. The BER results of various
symbol flipping decoding algorithms on code 2 over the AWGN chan-
nel are shown in Fig. 5. The D-SA-SFDP algorithm performs similarly

Fig. 4. The BER performance for different algorithms as a function of maxi-
mum number of iterations on the (204, 102) NB-LDPC code atEb/N0 = 4.5 dB.

Fig. 5. BER performance for various decoding algorithms on the (837, 726)
NB-LDPC code.

to the P-SA-SFDP algorithm. At BER = 10−7, the D-SA-SFDP algo-
rithm achieves about 0.1 dB gain compared with the D-SFDP algorithm.
Meanwhile, the P-SA-SFDP algorithm outperforms its corresponding
P-SFDP algorithm with about 0.25 dB gain.

C. Code 3

The third code is a (256, 128) NB-LDPC code [14] over GF(28), in
which the row weight is 8 and the column weight is 4. The optimal θ
andη of the D-SA-SFDP and P-SA-SFDP algorithms are [3.5, 1.0, 1.0]
and [0, 2.8, 6.4, 8.4], respectively. The ωt of the D-SA-SFDP and the
P-SA-SFDP algorithms are both optimized as 1. Fig. 6 shows the BER
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Fig. 6. BER performance for various decoding algorithms on the (256, 128)
NB-LDPC code.

results of code 3 on the BSC. It can be also observed that the proposed
SA-SFDP algorithms perform better than the SFDP algorithms.

V. CONCLUSION

We have presented a modified symbol flipping algorithm by adding a
self-adjustment strategy to the flipping metric. The new flipping metric
not only takes advantage of the SFDP algorithms, but also effectively
avoids the cycle oscillation. Hence, the proposed SA-SFDP algorithms
can obtain a better performance compared with the SFDP algorithms
with a negligible complexity increase. The simulation results have been
presented to show the validity of our proposed SA-SFDP algorithms
over two channels (the AWGN channel and the BSC). The proposed
algorithms can achieve 0.1∼0.25 dB gain for code 1 and 0.7 dB gain
for code 2 over the SFDP algorithms. For the BSC, the proposed al-
gorithms also present obvious better performance compared with the
SFDP algorithms.
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