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II. BACKGROUND

where 'Y > 0 is the dispersion which measures the spread of
the SaS PDF. a is the characteristic exponent (0 < a ~ 2),

A. System Model
The received symbols over AWSaSN channels are given by

where x E {-I, +I} is the channel input after the binary
phase-shift keying (BPSK) modulation and the noise z follows
the SaS distribution. The SaS distribution is a generalization
of the Gaussian distribution that accommodates impulsive
characteristics. There are no closed-form expression of prob-
ability density function (PDF) for SaS distribution except the
Gaussian (a = 2) and Cauchy (a = 1) distribution. Generally,
the SaS distribution is defined by its characteristic function

¢(w)=e-I"ywlo, (2)

(1)y = x + z,

[7] algorithm is proposed based on the optimization of a non-
linear objective function which follows the MLD rule. As a
bit-flipping algorithm, the GDBF algorithm outperforms the
weight BF (WBF) [3] and its variants [8], [9]. Inserting a
weighting on syndrome and a zero-mean Gaussian pertur-
bation term, an improved GDBF named the noisy GDBF
(NGDBF) [10] was proposed for the AWGN channel. The
advance of GDBF algorithm has mainly been achieved over
the AWGN and BSC channels. However, the GDBF algorithm
suffers severe degradation and its performance is worse than
the WBF algorithm over the AWSaSN channel.

In this paper, to improve the performance of GDBF algo-
rithm, we propose a modified GDBF algorithm based on the
penalty factor for the AWSaSN channel. Our contributions are
divided into two aspects: 1. we propose a linear approximation
of the LLR for AWSaSN channels to simplify the LLR
computational implement. 2. we derive the lower bound of
the penalty factor for the proposed modified GDBF algorithm
combined with the linear approximation.

This paper is organized as follows: Section II describes the
background knowledge of the system model and the GDBF
algorithm. Section III presents the modified GDBF algorithm
based on the penalty factor (GDBF-PF) for AWSaSN chan-
nels. Results are shown in Section IV and finally we conclude
the paper in Section V.

I. INTRODUCTION

Abstract-A modified gradient descent bit-Dipping (GDBF)
algorithm is proposed for decoding low-density parity-check
(LDPC) codes over the symmetric alpha-stable (SaS) impulsive
noise channel. To simplify the log-likelihood rate (LLR) computa-
tional implement, this paper introduces a linear approximation
of the LLR for the SaS impulsive noise. Combined with the
linear approximation, the new algorithm introduces a penalty
factor into the syndrome components of the inversion function.
Simulation results show that the GDBF algorithm based on the
penalty factor performs better than GDBF algorithm.

Index Terms-LDPC codes, EXIT chart, impulsive noise,
symmetric alpha-stable distribution.

L OW-density parity-check (LDPC) codes [1], [2] are wide-
ly applied to different recent standards such as WiMAX

and DVB-S2, owing to their high error-correction capability.
They can be decoded by soft-decision and hard-decision
decoding methods. As a soft-decision scheme, belief propa-
gation (BP) [2] algorithm can achieve excellent performance,
but with high implementation complexity. The hard-decision
algorithms, such as the bit-flipping (BF) decoding algorithm
and its variants [1], [3], offer a tradeoff between performance
and complexity. These algorithms have been investigated over
additive white Gaussian noise (AWGN) channels. However,
some communication systems, such as wireless networks [4],
shallow water communications [5] and powerline communi-
cations (PLC) [6], are impaired by non-Gaussian noise which
exhibits an impulsive interference. The impulsive noises last
for a very short duration and have a heavy-tailed characteristic
that have much greater amplitudes than Gaussian noises. The
non-Gaussian impulsive noise channel can be successfully
modeled by the additive white symmetric alpha-stable noise
(AWSaSN) . As we know, the decoding process is sensitive
to the noise: the performance of the decoding process which
has been designed under Gaussian noise assumption is signif-
icantly degraded when the noise is impulsive. However, there
is very little literature on the study of decoding algorithms for
LDPC codes over AWSaSN channels.

For LDPC codes, the maximum likelihood decoding (MLD)
problem can be formulated as an integer programming (IP).
It was proven that the MLD problem belongs to the class of
NP-hard problems. The gradient descent bit-flipping (GDBF)
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(3)

which represents the tail heaviness of the SaS PDF. Since
the second-order moment of SaS distribution does not exist,
the geometric signal-to-noise ratio (GSNR) is used instead of
SNR for AWSaSN channels. The GSNR is given by [11]
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(5)E b GSNR
No 2R'

GSNR = _1_ (_A_) 2

2Cg CJ-l,

where A = 1 and Cg ~ 1.78. The corresponding Eb/No for
AWSaSN channels is defined as

where R is the code rate.

where >"j is called the likelihood function which is calculated
b h h 1 lik lih d (LLR) \ 1 P(y.; IXj =1)Y t e t e og-u en 00 rate , Aj = og P(YJlxj=-I)'

For AWGN channels, the likelihood function LLR is linear,
which can be replaced by the received symbols. So the
objective function of GDBF combined with the syndrome
components is defined as:

B. The GDBF algorithm

The binary LD PC code C E {O, I} is a linear block code
given by the null space of an tri X n parity-check matrix H that
comprises elements h ij E GF(2), where i = 1,2, ... , tri and
j = 1,2,'" ,no Let 11, = (11,I,11,2, ... ,11,n),11,j E {+1,-1} be
the tentative decoded bipolar sequence at the end of a decoding
iteration. Then the syndrome vector 8 = (81,82, ... , 8 m ) can
be computed by 8i = IT 11,j.

jEN(i)
The GDBF algorithm is proposed in [7] by considering

the gradient descent optimization of a objective function
which follows the MLD rule. The MLD problem is to find
a codeword in C which gives the largest correlation to the
received word y. It is equivalent to find the global solution of
the following binary integer programming problem:

n
maximize L >"j . 11,j

j =1
m

S.t. L IT 11,j = tn.,
i=1 jEN(i)

(6)

Fig. 1: Oprimal LLR and linear approximation for a = 1.5,
't> 0.5.

III. THE GDBF ALGORITHM BASED ON PENALTY FACTOR

A. Linear approximation of LLR

The original GDBF is designed for AWGN channels, where
>"j in (6) is replaced by Yj' However, it will suffer a huge
degradation for AWSaSN channels when using Yj' The main
reason is that impulsive noises have much greater amplitudes
than Gaussian noises and the likelihood function LLR is
nonlinear over AWSaSN channels. Moreover, this nonlinear
function has no closed expression, but we can approximate it
as a nonlinear piecewise [12] function on y. When Y is close to
0, the LLR is almost linear: >"j ~ ~. On another hand, when
Y is large enough, the LLR is approximated as >"j ~ 2(Oy+l).

To make the LLR computation simple and easy to imple-
ment on hardware, in this paper, we present a linear piecewise
approximation to replace the nonlinear piecewise function. The
LLR linear piecewise approximation is divided into four parts
which can be described as (3), where (3 is a variable which
controls the slope of the second and third parts for the LLR
linear approximation. As an example, the optimal LLR and
linear approximation as functions on Yj are represented in Fig.
1. In simulation, we let (3 equal to 5.

Then the solution of the MLD problem is to maximize the
objective function (7).

n rn

f(11,) ~ LYj '11,j + L II 11,j.
j=li=1 jEN(i)

(7)
B. The improved GDBF algorithm

As the MLD problem is NP-hard, it is difficult to solve this
problem directly. The penalty function method which transfers
constraints of (6) to the objective function is a important tool
to solve this problem. Applying the penalty function method,
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problem (6) is replaced by the following equivalent problem
n rn

f(11,)~LAj'11,j+P'(L II 11,j-m), (8)
j=li=l jEN(i)

where P is the penalty factor, which is sufficiently large. To
let the algorithm implementable, we give a lower bound of P
and the deduction is as follow:

The bound of the LLR for the SaS noise is

Th f if > 2 . 12.;2(0'.+1) then >ere ore, P _ n· V "Y' P

-n.J2v2~+1)-t, Aj"Uj ./2.;2(0'.+1)
W J- . It means that 2n· V "Y

is a sufficient lower bound for the penalty factor p.
To find the maximum of the function f(11,) , we use the

gradient descend algorithm. As a result, the flipping rule is to
find the largest absolute value of the partial derivative which
depends on the inversion function:

If 11, is a codeword, the object function is equal to

(17)ti; = x; .Uk +v: L II Uk·

iEM(k) jEN(i)

Then the proposed GDBF algorithm based on penalty factor
(GDBF-PF) is described as follows:

Algorithm 1 The GDBF-PF algorithm
1: Compute syndrome vector 8. for all i, if 8i = +1, stop

and u is the codeword, otherwise go to next step.
2: Calculate inversion functions at VNs using (17)
3: Find the flip position given by k = argminkE{1,2, ...,n}Ek
4: If the stopping rule is not satisfied then return to step

2; otherwise the valid codeword is decoded or maximum
number of iterations is reached.

(9)

(11)

2V2(a + 1)
'Y

n

f(11,) = LAj '11,j'
j=l

2V2(a + 1) n
------'---'-- ~ LAj.11,j ~ n-

'Y j=l

n
Then L x, '11,j has the bound:

j=l

-r-Fl :

Otherwise, it is
n Tn

f(11,) = LAj '11,j+P' (L II 11,j -m). (12)
j=li jEN(i)

IV. RESULTS AND DISCUSSION

Simulation results are performed on the Mackay (PE-
GReg504x1008) LDPC code [13] over AWSaSN channels.
We compare the proposed GDBF-PF algorithm with the GDBF
and WBF algorithms. The comparison results under different
impulsive levels are shown in Fig.2-4. The characteristic
exponent values are set to 1.9, 1.5 and 1.1, which represent
the channel environments under weak, moderate and strong
impulsive behaviors, respectively. In each figure, the maximum
number of decoding iterations for both BF (GDBF, WBF
and GDBF-PF) algorithms is set to 100. While the maximum
number of decoding iterations for MS decoder is set to 5.

Fig.2 shows the BER performance of different algorithms
for the weak impulsive noise (a = 1.9). It can be seen that the
GDBF algorithm performs worse and presents an error floor
at a BER = 10-3. In this case, the BER curve of the WBF
algorithm decreases slowly with the Eb/No increases. Howev-
er, at a BER = 10-4, the proposed GDBF-PF algorithm can
significantly improve the performance of the GDBF algorithm
and is about 1.3 dB worse than the MS decoder. Moreover,
the proposed GDBF-PF also outperforms the WBF algorithm
and is better than the WBF algorithm achieves 3dB.

Fig.3 shows the BER performance of different algorithms
for the moderate impulsive noise (a = 1.5). Compared to
a = 1.9, the impulsive noise is stronger when a = 1.5. As
a result, both the GDBF algorithm and the WBF algorithm
exhibit error floors. However, with the help of the penalty
factor, GDBF-PF algorithm can suit the AWSaSN channels
well and still performs well, which is about 2.3 dB worse
than the MS decoder at a BER = 10-4.

FigA shows the BER performance of different algorithms
for the strong impulsive noise (a = 1.1). Similarly, the inten-
sity of impulse noise is further strengthened, so the GDBF

(13)

(14)

(16)

2V2(a + 1)
'Y

2V2(a + 1)
'Y

n·· / 2v2(n+') + f:: A· ·n·
V 'Y j =l J J

r-=--- -w
< .. /2.;2(0'.+1) + ~ \. .- n V"Y L. A) 11,)

j=l
< n . . /2.;2(0'.+1) + n .. /2.;2(0'.+1)
- V"Y V"Y
< 2n . . /2.;2(0'.+1).- V "Y

f(11,) ~ -n'

w

n

L Aj . 11,j+P . W ~ -n'
j =l

Tn

Let W = L IT 11,j - m, then (13) equals to
i jEN(i)

Since -m ~ W ~ -1, we have

-n· . /2.;2(0'.+1) - f: Aj . 11,j
V "Y j=l

P ~ W (15)

where n» J2.;2~O'.+1) + f: x, '11,j ~ 0, and
) =1

Tn

In this case, we have -m ~ L IT 11,j - tri ~ -1 and
i jEN(i)

Tn

hence P(L IT 11,j - m) ~ -p. For large P enough, the
i jEN(i)

penalty factor insures that f( 11,) in (8) can not achieve the
maximum local when 11, is not a codeword and implies that
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Fig. 2: BER results of several algorithms at a = 1.9. Fig. 4: BER results of several algorithms at a = 1.1.
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results show that the GDBF algorithm exhibits error floors
and is worse than WBF algorithm for AWSaSN channels.
However, the propose GDBF-PF algorithm can achieve a better
performance compared with the GDBF and WBF algorithms.
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algorithm and WBF algorithm still perform worse and exhibit
error floors. On the contrary, at a BER = 10-4, the GDBF-
PF algorithm performs 4 dB worse than the MS decoder.
From this result, we can find that the GDBF-PF algorithm
can greatly improve the performance of GDBF algorithms by
its penalty factor, even under poor channel environments.

As we know, the smaller the a value, the stronger the
impulse noise. The GDBF algorithm exhibits error floors and
even worse than WBF algorithm over the AWSaSN channel.
However, the proposed GDBF-PF algorithm can greatly im-
prove the performance of GDBF algorithm especially for the
strong impulsive noise. The main reason is that the decoding
is more dependent on the parity syndrome values in later
iterations and the penalty factor ]J can enhance the influence
of the parity syndrome values on the inversion function. Thus,
the performance of the GDBF algorithm can be improved.

10- 5 ::: ..

Fig. 3: BER results of several algorithms at a = 1.5.

10- 2
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V. CONCLUSION

In this letter, a simplified LLR linear approximation for
AWSaSN channels is proposed and an improved GDBF algo-
rithm based on penalty factor for LDPC code over AWSaSN
channels is introduced. In the proposed algorithm, the lower
bound of the penalty factor is derived. The experimental
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